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6 TRIGONOMETRY

Leonard Eulex {1707-1783) was born near
Basel in Switzerland but moved to

St Petersburg in Russia and later to Berlin.
He had an amazing facility for figures but
delighted in speculating in the realms of
pure intellect, In trigonometry he
introduced the use of small letters for the
sides and capitals for the angles of a
triangle. He also wrote », R and s for the
radius of the inscribed and of the
circumscribed circles and the semi-
perimeter, giving the beautiful formula
4rRs = abe.

e, cosine and tangent ratios for acute angles; extend sine and cosine values to
en'90° and 180°; interpret and use three-figure bearings; solve simple
al problems in three dimensions; solve problems using the sine and cosine rules

6.1 Right-angled triangles

The side opposite the right angle is called the hypotenuse
(we will use H). It is the longest side.

The side opposite the marked angle of 35° is called the opposite o
(we will use O).

The other side is called the adjacent (we will use A).

Consider two triangles, one of which is an enlargement
of the other.

It is clear that the ratio % will be the same in

both triangles. n 4 12
2 6
[ ] ™

30°




Sine, cosine and tangent

Three important functions are defined as follows:
sin x =

COs x =

tan x = A

>0 m|» mlo

It is important to get the letters in the right order. Some people find a
simple sentence helpful when the first letters of each word describe sine,
cosine or tangent and Hypotenuse, Opposite and Adjacent. An example
is:

Silly Old Harry Caught A Herring Trawiing Off Afghanisian.

e.g. SOH:sin=%

For any angle x the values for sin x, cos x and tan x can be found using
either a calculator or tables.

@9@1

1. Draw a circle of radius 10cm and construct a tangent

to touch the circle at T. N
Draw OA, OB and OC where AQOT = 20°

BOT = 40°

COT = 50°
Measure the length AT and compare it with the value
for tan 20° given on a calculator or in tables. Repeat
for BT, CT and for other angles of your own choice.

Finding the length of a side

Example 1
Find the side marked x.

254°
10cm

(a) Label the sides of the triangle H, O, A (in brackets).
[(8)F5

Right-angled triangles

10cm

()

10 25.4°

(A)
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184  Trigonometry

(b) In this example, we know nothing about H so we need the function
involving O and A.
O x

tan 25-4° = — = —
A 10

(¢) Find tan 25-4° from tables.

0-4748 = =
10
(d) Solve for x.
x =10 x 0-4748 = 4.748
x = 4.75¢cm (3 significant figures)

Example 2
Find the side marked z.
(a) Label H, O, A, A
O 74 Y
(b) sin 31.3° = = =~ 7.4cm
H z (e)) <)

{c) Multiply by z.
z x (sin 31-3°)y =74
7-4
Z=—
sin 31-3

(d) On a calculator, press the keys as follows:

(7] (=] B3] [sn] [=]

z=142cm (to 3 s.r.)

vE’)ﬁa-rcise 2

In questions 1 to 22 all lengths are in centimetres. Find the sides
marked with letters. Give your answers to three significant figures.

b

1. <T7 2. 3.

10
61°
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In questions 23 to 34, the triangle has a right angle at the middle letter.

23. In AABC, C = 40°, BC = 4cm. Find AB.

24. In ADEF, F = 35-3°, DF = 7cm. Find ED.

25. In AGHIL T = 70°, GI = 12m. Find HIL

26. In AJKL, T = 55°, KL = 8-21 m. Find JK.

27. In AMNO, M = 42-6°, MO = 14cm. Find ON.
28. In APQR, P = 28°, PQ = 5.07] m. Find PR.
29. In ASTU, § = 39°, TU = 6 cm. Find SU.

30. In AVWX, X = 17°, WV = 30-7m. Find WX.
31. In AABC, A = 14-3°, BC = 14m. Find AC.
32. In AKLM, K = 72.8°, KL = 5-04cm. Find LM.
33. In APQR, R = 31-7°, QR = 0-81 cm. Find PR.
34, In AXYZ, X = 81.07°, YZ = 52-6m. Find XY.

~

1ps

o

\/




186 Trigonometry

Example
Find the length marked x. B
X
A
38°

(a) Find BD from triangle BDC. D_] Oom 32 =

tan 32° = BD

10
BD = 10 x tan 32° -1

{b) Now find x from triangle ABD.

sin 38° = —

BD

x = BD X sin 38°
x = 10 x tan 32° x sin 38° (from [1])
x = 385cm (to 3 5.F.)

Notice that BD was not calculated in [1].

It is better to do all the multiplications at one time.

Exercise 3

In questions 1 to 10, find each side marked with a letter.
All lengths are in centimetres.

L /%l\ X 5 3.
* 9,
X
%00 423
. y 7

45° 5

70.2¢
100




11. BAD = ACD = 90° B
CAD = 35°
BDA = 41°
AD=20cm
Calculate:
(a) AB
(b) DC
(c) BD

35°

30°

417

100

12. ABD = ADC = 90°
CAD = 31°
BDA =453°
AD = 10cm
Calculate:
(a) AB
(b) CD
(c) DB e

20 cm

43°

Finding an unknown angle

Example
Find the angle marked m.

m

' 4
(a) Label the sides of the triangle H, O, A in
relation to angle m.

10cm

4(A)

@

Right-angled triangles

10,

10°

40°

187
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188 Trigonometry

(b) In this example, we do not know ‘O’ so we need the cosine.

(8) -3
cosm=|—|=—
H 5

() Change % to a decimal: %: 08

{d) cos m=0-8
Find angle m from the cosine table: m = 36-9°

Note: On a calculator, angles can be found as follows:

Ifcosm:i
5

(a) Press E E IE'
(b) Press and then

This will give the angle as 36-86389765°. We require the angle to 1
place of decimals so m = 36-9°.

Exercise 4

In questions 1 to 15, find the angle marked with a letter. All lengths are
in cm.

10

4, 7 5. 6. 5
X I_ m & I_
4 6
14
10. 11. 12 12.
100
f 9

72 11

=
2

3

[
N
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[#3]

n
m :




Right-angled triangles

13. 14.

o~

15.

w

In questions 16 to 20, the triangle has a right angle at the middle letter.
16. In AABC, BC =4, AC = 7. Find A.

17. In ADEF, EF = 5, DF = 10. Find F.

18. In AGHI, GH =9, HI = 10. Find I.

19. In AJKL, JL =5, KL = 3. Find 7.

20. In AMNO, MN = 4, NO = 5. Find M.

In questions 21 to 26, find the angle x,

21. 22. 23. 790
40°
4 100
10 [
x 85
3
31°

X
25. 26.

10

11 8 x
58.2°

51.2° ’
X 12
289
9

“
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Bearings

A bearing is an angle measured clockwise from North. N
It is given using three digits.

In the diagram:

the bearing of B from A is 052°
the bearing of A from B is 232°,

Example

A ship sails 22 km from A on a bearing of 042°, and a further 30 km on
a bearing of 090° to arrive at B. What is the distance and bearing of B
from A?

(a) Draw a clear diagram and label extra points as
shown.

E 30 km B

A

(b) Find DE and AD.

o DE
) sind42°=—
» 2
DE = 22 x sin 42° = 14.72km
(i) cos 420 = 2D
2

AD =22 x cos 42° = 16:35km

(c) Using triangle ABF,
AB? = AF? + BF? (Pythagoras’ Theorem)
and AF =DE+ EB
AF = 14724+ 30 = 44.72km
and BF = AD =16-35km

AB? = 44.72% + 1635
= 22672

AB = 47-6km (to 3 s.F.)
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(d) The bearing of B from A is given by the angle DAB.
But DAB = ABF.

tan ABF = E = ﬂg
BF 1635
= 2.7352
ABF = 69.9°

B is 47-6km from A on a bearing of 069-9°. [

Exercise 5
In this exercise, start by drawing a clear diagram.

1. A ladder of length 6 m leans against a vertical wall so that the base i
of the ladder is 2m from the wall. Calculate the angle between the
ladder and the wall.

2. A ladder of length & m rests against a wall so that the angle between
the ladder and the wall is 31°. How far is the base of the ladder
from the wall?

" 3. A ship sails 35km on a bearing of 042°.
(a) How far north has it travelled?
(b) How far east has it travelled?

4. A ship sails 200 km on a bearing of 243.7°.
{(a) How far south has it travelled?
(b) How far west has it travelled?

5. Find TR if PR = 10m and QT = 7m. Q
40°
7m
P T R

6. Find 4.

02 12m

35° |

g —>

7. An aircraft flies 400 km from a point O on a bearing of 025° and
then 700 km on a bearing of 080° to arrive at B.
(2) How far north of O is B?
(b) How far east of O is B?
(c) Find the distance and bearing of B from O.

8. An aircraft flies 500km on a bearing of 100° and then 600km on a
bearing of 160°. :
Find the distance and bearing of the finishing point from the i
starting point.
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For questions 9 to 12, plot the points for each question on a sketch
graph with x- and y-axes drawn to the same scale,

9. For the points A(5, 0) and B(7, 3), calculate the angle between AB
and the x-axis.

10. For the points C(0, 2) and D(5, 9), calculate the angle between CD
and the y-axis.

11. For the points A(3, 0), B(5, 2) and C(7, —2), calculate the angle BAC.
12. For the points P(2, 5), Q(5, 1) and R(0, —3), calculate the angle PQR.

13. From the top of a tower of height 75m, 2 guard sees two prisoners,
both due West of him. If the angles of depression of the two
prisoners are 10° and 17°, calculate the distance between them.

14. An isosceles triangle has sides of length 8 cm, 8 cm and 5cm. Find
the angle between the two equal sides.

15. The angles of an isosceles triangle are 66°, 66° and 48°. If the
shortest side of the triangle is 8 4 cm, find the length of one of the
two equal sides.

16. A chord of length 12 cm subtends an angle of 78-2° at the centre of
a circle. Find the radius of the circle.

17. Find the acute angle between the diagonals of a rectangle whose
sides are Scm and 7 cm.

18. A kite flying at a height of 55m is attached to a string which makes
an angle of 55° with the horizontal. What is the length of the string?

19. A boy is flying a kite from a string of length 150 m. If the string is
taut and makes an angle of 67° with the horizontal, what is the
height of the kite?

20. A rocket flies 10 km vertically, then 20 km at an angle of 15° to the
vertical and finally 60 km at an angle of 26° to the vertical. Calculate
the vertical height of the rocket at the end of the third stage.

21. Find x, given A 14m B
AD =BC =6m.
x
D 0m c
22. Find x.

8cm

angle of
depression



23.

24.

25,

Ants can hear each other up to a range of 2m. An antat A, im
from a wall sees her friend at B about to be caten by a spider. If the
angle of elevation of B from A is 62°, will the spider have a meal or
not? (Assume B escapes if he hears A calling.)

A hedgehog wishes to cross a road without being run over. He
observes the angle of elevation of a lamp post on the other side of
the road to be 27° from the edge of the road and 15° from a point
10m back from the road. How wide is the road? If he can run at

1 m/s, how long will he take to cross?

If cars are travelling at 20my/s, how far apart must they be if he is to
survive?

From a point 10m from a vertical wall, the angles of elevation of
the bottom and the top of a statue of Sir Isaac Newton, set in the
wall, are 40° and 52°. Calculate the height of the statue.

6.2 Scale drawing

Scale drawing 193

1m ‘

On a scale drawing you must always state the scale you use.

Exercise 6
Make a scale drawing and then answer the questions.

1.

A field has four sides as shown below:
99 m

80m

93° 101°

75m
How long is the side x in metres?

. A destroyer and a cruiser leave a port at the same time. The

destroyer sails at 38 knots on a bearing of 042° and the cruiser sails
at 25 knots on a bearing of 315°. How far apart are the ships two
hours later? [1 knot is a speed of 1 nautical mile per hour.]

. Two radar stations A and B are 80 km apart and B is due East of A.

One aircraft is on a bearing of 030° from A and 346° from B. A
second aircraft is on a bearing of 325° from A and 293° from B.
How far apart are the two aircraft?

. A ship sails 95km on a bearing of 140°, then a further 102km on a

bearing of 260° and then returns directly to its starting point. Find
the length and bearing of the return journey.
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5. A control tower observes the flight of an unidentified flying object.
At 09:23 the U.F.O. is 580 km away on a bearing of 043°.
At 09:25 the UF.Q. is 360 km away on a bearing of 016°.

What is the speed and the course of the U.F.0.?

[Use a scale of 1cm to 50km]

C
6. Make a scale drawing of the diagram and find
the length of CD in km.
24 km 21 km
A 24° 31
27 km
6.3 Three-dimensional problems
Always draw a large, clear diagram. It is often helpful to redraw the
triangle which contains the length or angle to be found.
Example
A rectangular box with top WXYZ and base Z
ABCD has AB = 6cm, BC = §cm and WA = 3cm. |
Calculate: | X
(a) the length of AC W '
(b) the angle between WC and AC. I T
A B
(a) Redraw triangle ABC. C
AC? =6 +8 =100
AC=10cm g
B
(b) Redraw triangle WAC.
Let WCA = 6 w
0= T
The angle between WC and AC is 16-7°.
S
Exercise 7 , o R
1. In the rectangular box shown, find: P i 4em
(a) AC i
(b) AR N e ]
(c) the angle between AC and AR. < Lo
A 12 cm B
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2. A vertical pole BP stands at one corner of a horizontal rectangular o e
field as shown. N
If AB = 10m, AD = 5m and the angle of elevation of P from A is 0
22°, calculate: B

{a) the height of the pole
(b) the angle of elevation of P from C
(¢) the length of a diagonal of the rectangle ABCD

(d) the angle of elevation of P from D. b 10m c l
i
3. In the cube shown, find: P $ i
(a) BD Q /|
(b) AS NA TN
(c) BS P
(d) the angle SBD ;|
(e) the angle ASB . I 6 em
A “"‘7‘"‘:7'\\
6 cm e .
B 6 cm c
4. In the cuboid shown, find: A D
(a) WY R
(b) DY B
(c) WD o oy
(d) the angle WDY , N
/// : v i5m
s | \\
< |
WRE=IIIIT T
6m T -—_._,_\_\ \
X Em Y

5. In the square-based pyramid, V is vertically above the middle of the
base, AB = 10cm and VC = 20 c¢m. Find:
(a) AC
(b) the height of the pyramid
(¢) the angle between VC and the base ABCD
(d) the angle AVB
(e) the angle AVC

6. In the wedge shown, PQRS is perpendicular to P
ABRQ; PQRS and ABRQ are rectangles with
AB = QR = 6m, BR =4m, RS = 2m. Find:

(a) BS (b) AS
{c) angle BSR (d) angle ASR
(e) angle PAS

7. The edges of a box are 4cm, 6cm and 8 cm. Find the length of a
diagonal and the angle it makes with the diagonal on the largest
face.
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8. In the diagram A, B and O are points in a horizontal plane and P is
vertically above O, where OP = /im.

P
h
]
A 23 0
60m
13°

B

A is due West of O, B is due South of O and AB = 60m. The angle
of elevation of P from A is 25° and the angle of elevation of P from
Bis 33°.

(a) Find the length AO in terms of 4.

(b) Find the length BO in terms of 4.

(c) Find the value of 4.

9. The angle of elevation of the top of a tower is 38° from a point A
due South of it. The angle of elevation of the top of the tower from
another point B, due East of the tower is 29°. Find the height of the
tower if the distance AB is 50 m.

10. An observer at the top of a tower of height 15 m sees 2 man due
West of him at an angle of depression 31°. He sces ancther man due
South at an angle of depression 17°. Find the distance between the
men.

11. The angle of elevation of the top of a tower is 27° from a point A
due East of it. The angle of elevation of the top of the tower is 11°
from another point B due South of the tower. Find the height of the
tower if the distance AB is 40m.

12. The figure shows a triangular pyramid on a horizontal
base ABC, V is vertically above B where VB = 10cm,
ABC = 90° and AB = BC = 15cm. Point M is the mid-point
of AC.
Calculate the size of angle VMB.

angle of
elevation

angle of
depression

horizontal




6.4 Sine, cosine, tangent for any angle
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So far we have used sine, cosine and tangent only in
right-angled triangles. For angles greater than 90°,
we will see that there is a close connection between
trigonometric ratios and circles.

The circle on the right is of radius 1 unit with centre
(0, 0). A point P with coordinates (x, ¥} moves round
the circumference of the circle. The angle that OP

Plx, y)

makes with the positive x-axis as it turns in an
anticlockwise direction is .

In triangle OAP, cos 8§ =% and sin 6 =3’1—

The x-coordinate of P is cos 6.

The p-coordinate of P is sin 8,

This idea is used to define the cosine and the sine of any
angle, including angles greater than 90°,

Here are two angles that are greater than 90°.

y = sinx

(-0.5, 0.866) ¥4 Yh
P
\120" 233?\
% N %
P
(—0.6, —0.8)
cos 120° = —0-5 cos 233-1° = —~0:6
sin 120° = 0-866 sin 233-1° = —-0-8
A graphics calculator can be used to show the 7%
graph of y = sin x for any range of angles. The 1.0
graph on the right shows y = sin x for x from 0° 0.8
to 360°. The curve above the x-axis has symmetry 06
about x = 90° and that below the x-axis has 04
symmetry about x = 270°, :
021
Note: 0
sin 150° = sin 30° and cos 150° = —cos 30°
sin 110° = sin 70° cos 110° = —cos 70° —02r
sin 163" = sin 17° cos 163° = —cos 17° —~04
or sin x = sin (180° — x) —oer
or cos x = —cos (180° — x) —08r
—-1.0}
These two results are particularly important for use

with obtuse angles (90° < x < 180°) in Sections 6.5
and 6.6 when applying the sine formula or the cosine formula.

30 60 90 120 150 180 210 240 270 300 330 3%0 E;
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Exercise 8

I.

2.

(2) Use a calculator to find the cosine of all the angles 0°, 30°, 60°,
90°, 120°, ... 330°, 360°.

(b) Draw a graph of y = cosx for 0 < x < 360°. Use a scale of
1cm to 30° on the x-axis and Scm to 1 unit on the y-axis.

Draw the graph of y = sin x, using the same angles and scales as in
question 1.

In questions 3 to 11 do not use a calculator. Use the symmetry of the
graphs y = sinx and y = cosx,
Angles are given to the nearest degree.

3

4.
5.

10.
11.
12,

13.
14.
15.

16.

17.

If sin 18° = 0-309, give another angle whose sine is 0-309.
1f sin 27° = 0-454, give another angle whose sine is 0-454.

Give another angle which has the same sine as:
(a) 40° (b) 70° (c) 130°

. If cos 70° = 0-342, give another angle whose cosine is 0-342.
. If cos 45° = 0-707, give another angle whose cosine is 0-707.

. Give another angle which has the same cosine as:

(a) 10° (b) 56° (c) 300°

, If sin 20° = 0-342, what other angle has a sine of 0-3427

If sin 98° = 0-990, give another angle whose sine is 0-990.
If cos 120° = —0-5, give another angle whose cosine is —0-3,

Find twe values for x, between 0° and 360°, if sin x = 0-848. Give
each angle to the nearest degree.

If sin x = 0-35, find two solutions for x between 0° and 360°.
If cos x = 0-6, find two solutions for x between 0° and 360°.

Find two solutions between 0° and 360°:
(a) sin x =0-72 (b) cos x =103
(¢} cos x =07 (d) sin x = ~0-65

Find four solutions of the equation

(sinx)’ = % for x between 0° and 360°,

Draw the graph of y = 2sinx + 1 for 0 < x < 180°, taking lcm to
10° for x and 5cm to 1 unit for y. Find approximate solutions to
the equations:

(a) 2sinx+1=23

) _1__ =05
(2sinx+ 1)
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18. Draw the graph of ¥y = 2 sinx + cosx for 0 < x < 180°, taking 1cm
to 10° for x and 5cm to 1 unit for y.
(a) Solve approximately the equations:
() 2sinx -+ cosx = 1.5
(ii) 2sinx+cosx =0
(b) Estimate the maximum value of y.
(c) Find the value of x at which the maximum occurs.

19. Draw the graph of y = 3 cosx — 4 sin x for 0° < x < 220°, taking ;
lem to 10° for x and 2¢m to 1 unit for y.
Solve approximately the equations:
(@) 3cosx —4sinx+1=0
(b) 3cos x =4sinx

20. Find the tangents of the angles 0°, 20°, 40°, 60°, Y4
... 320°, 340°, 360°.
{a) Notice that we have deliberately omitted 90°
and 270°, Why has this been done?
{b) Draw a graph of y = tan x. Use a scale of

|
§
y=tanx :
i
I
1 cm to 20° on the x-axis and 1em to 1 unit 90 180 270 360 *
|
|
|
I
1
'

on the y-axis.

{c) Draw a vertical dotted line at x = 90° and
x = 270°. These lines are asympiotes to the
curve. As the value of x approaches 90° from
either side, the curve gets nearer and nearer
to the asymptote but it never quite reaches it.

6.5 The sine rule

The sine rule enables us to calculate sides and angles in some triangles
where there is not a right angle.

In AABC, we use the convention that A
a is the side opposite A
b is the side opposite B, etc.

c b
B a C i
|
Bither —% —_0 __¢ .1 !
sinA sinB sinC
or sin A _ sin B _ sin C 2

a b ¢

Use [1] when finding a side,
and [2] when finding an angle.
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Example 1
Find c.
€ _ b
sinC  sin B
¢ _ 7
sin 50°  sin 60°
= M =6-19¢cm (3 s.F.)
sin 60°

Although we cannot have an angle of more than 90° in a right-angled
triangle, it is still useful to define sine, cosine and tangent for these
angles.
For an obtuse angle x,
we have sin x = sin(180 — x)
Examples sin 130° = sin 50°

sin 170° = sin 10°

sin 116° = sin 64°
Most people simply use a calculator when finding the sine of an obtuse
angle.

Example 2
Find B. <
sin B sin A
b a 6cm
sin B _ sin 120° i 120° = sin 60%) 15 em @)
6 15 AQ
sin B — 6 x sin 60
15
sin B =0-346 B
B=1203

Exercise 9

For questions 1 to 6, find each side marked with a letter.
Give answers to 3S.F.

2, B 0 . A
m v
. 10 c 63° 67""

8
m 5cm
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4 6., , B
T s
a
7m
C |
7. In AABC, A = 61°, B = 47°, AC = 7-2cm. Find BC. |
8. In AXYZ, Z = 32°, ¥ = 78°, XY = 5-4cm. Find XZ. |
9. In APQR, Q = 100°, R = 21°, PQ = 3-1cm. Find PR.
10. In ALMN, L = 21°, N = 30°, MN == 7cm. Find LN.
In questions 11 to 18, find each angle marked *. All lengths are in
centimetres.
11. A 3 7 B 12, A 13. 41 Y
X 69.7°
72 :
10 72
100 (>B
|/
C *
Z
15. 5 s 16. 17. a . 18. R
* O
% / ~>cC 7
12 7
\ v Qfus /i
T \/
P
19. In AABC, A = 62°, BC = 8, AB == 7.
Find C.

20. In AXYZ, Y =973, XZ = 22, XY = 14.
Find Z.

21. In ADEF, D = 58°, EF = 7.2, DE = 5:4.
Find F.

In ALMN, M = 127-1°, LN = 11.2, LM = 7.3. Find L. |
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6.6 The cosine rule

We use the cosine rule when we have either
{a) two sides and the included angle or

(b) all three sides.
B

A C
There are two forms.
1. To find the length of a side.
& = b+ — (2bccos A)

or B =¢ +d — (2accos B)
or ¢ =d’ +b*—(2abcos C)

2. To find an angle when given all three sides.

2, .3 2
cos A= M_.
2bc
1,02 g2
or cosB= 4t =
2ac
3,42 2
or cosC=F TP —c
2ab
For an obtuse angle x we have cos x = —cos(180 — x)
Examples cos 120° = —cos 60°
cos 142° = —cos 38°
Example 1

Find 5.

b = a® -+ ¢* — (2ac cos B)

PP =8+5—(2x8x5xcos 112°)
B = 64 + 25 — [80 x (—0-3746)]

b = 64 + 25 + 29-968

(Notice the change of sign for the obtuse angle)
b= /(118-968) = 10-9cm (to 3 s.F.)

Example 2
Find angle C. A
2 32
cOoS C — ﬁb_i
2ab
2, 22 2
coS Czs_i‘.s—_7=2=0.200
Zx5x6 60

C=1785°

&
&

@ 5
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Exercise 10
Find the sides marked *. All lengths are in centimetres.

1. B ® 3. A
* 5 .
5 * :
24N |
60° B 8 |
A - c
4 13 5.1 6
y, 1 100°
Q *
16~
R

7. In AABC, AB =4cm, AC =7cm, A= 57°. Find BC.

8. In AXYZ, XY =3cm, YZ = 3cm, ¥ = 90°. Find XZ.
9. In ALMN, LM = 5.3¢m, MN = 7-9cm, M = 127°. Find LN.
10. APQR, (3 = 117°, PQ = 80¢m, QR = 100 cm, Find PR.

In questions 11 to 16, find each angiec marked *.

)

15. x 4

N
N

14.
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17.
18.
19.
20.
21,
22.

23,

24,

In AABC, a = 43,5 =72, c=9. Find C.

In ADEF, d = 30, e = 50, /= 70. Find E.

In APQR, p =8, g = 14, r = 7. Find Q.

In ALMN, /=7, m=5,n=4. Find N.

In AXYZ, x = 53, y = 67, z = 6-14. Find Z.

In AABC, a=4-1, ¢ =63, B=1122".
Find 5.

In APQR, r = 0.72, p = 1-14, Q = 94-6°.
Find ¢.

In ALMN, n= 7206, [ = 63, L = 51.2,
N = 63°. Find m.

Example

A ship sails from a port P a distance of 7km on a bearing of
306° and then a further 11 km on a bearing of (070° to arrive 4
at X. Calculate the distance from P to X.

PX?=7*+11? — (2 x 7 x 11 x cos 56°)

PX? = 83-88
PX =9-16km (to 3 s.F.)

The distance from P to X is 9-16 km.

=494 121 — (86-12)

Exercise 11
Start each question by drawing a large, clear diagram.

1.
2.
3.

In triangle PQR, Q = 72°, R = 32° and PR = 12cm. Find PQ.
In triangle LMN, M = 84°, LM = 7m and MN = 9m. Find LN.

A destroyer D and a cruiser C leave port P at the same time. The
destroyer sails 25km on a bearing 040° and the cruiser sails 30 km
on a bearing of 320°. How far apart are the ships?

. Two honeybees A and B leave the hive H at the same time; A flies

27m due South and B flies 9m on a bearing of 111°. How far apart
are they? -

. Find all the angles of a triangle in which the sides are in the ratio

5:6:8.

. A golfer hits his ball B a distance of 170 m towards a hole H which

measures 195m from the tee T to the green. If his shot is directed
10° away from the true line to the hole, find the distance between
his ball and the hole.




7.

10.

11

12.

13.

From A, B lies 11km away on a bearing of 041° and C lies § km
away on a bearing of 341°. Find:

(a) the distance between B and C

(b) the bearing of B from C.

. From a lighthouse L an aircraft carrier A is 15km away on a

bearing of 112° and a submarine S is 26 km away on a bearing of
200°. Find:

{a) the distance between A and S

(b) the bearing of A from S.

. If the line BCD is horizontal find:
(a) AE
(b) EAC
E
A
400 700 |_
B C D

(c) the angle of elevation of E from A.

An aircraft flies from its base 200 km on a bearing 162°, then
350km on a bearing 260°, and then returns directly to base.
Calculate the length and bearing of the return journey.

Town Y is 9km due North of town Z. Town X is 8 km from Y,

Skm from Z and somewhere to the west of the line YZ.

(a) Draw triangle XYZ and find angle YZX.

(b) During an earthquake, town X moves due South until it is due
West of Z. Find how far it has moved.

Calculate WX, given YZ = 15m.
w
40° 20°
X Y Z

A golfer hits her ball a distance of 127 m so that it finishes 31 m
from the hole. If the length of the hole is 150 m, calculate the angle
between the line of her shot and the direct line to the hole.

The cosine rule
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Revision exercise 6A

1. Calculate the side or angle marked with a letter.

(a) (b) E\
Y
10 cm 5cm
u ) 8cm
(d) c
71°
11 mV

7cm

a
74 cm

2. Given that x is an acute angle and that

Jtanx — 2 = 4 cos 35.3°

calculate:
(a) tan x
(b) the value of x in degrees correct to 1 D.P.

3. In the triangle XYZ, XY = 14cm, XZ=17cm and angle
YXZ = 25°. A is the foot of the perpendicular from Y to XZ.
Calculate:

(a) the length XA {(b) the length YA
(c) the angle ZYA

4. Calculate the length of AB.

35°
200 - B

10em

5. (a) A lies on a bearing of 040° from B.
Calculate the bearing of B from A.

(b) The bearing of X from Y is 115°.
Calculate the bearing of Y from X.

6. Given BD = 1m, calculate the length AC.
A

21°




7. In the triangle PQR, angle PQR = 90° and angle RPQ = 31°. The

10.

11.

12.

length of PQ is 11 cm. Caiculate:

(a) the length of QR

(b) the length of PR

{c) the length of the perpendicular from Q to PR.

. BAD = DCA = 90°, CAD = 32.4°, BDA = 41° and B

AD = 100cm.
Calculate:

(a) the length of AB
(b) the length of DC
(c) the length of BD.
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. An observer at the top of a tower of height 20 m sees 2 man due
East of him at an angle of depression of 27°. He sees another man

due South of him at an angle of depression of 30°. Find the distance

between the men on the ground.

The figure shows a cube of side 10cm.
Calculate:

(a) the length of AC

(b) the angle YAC

(c) the angle ZBD.

The diagram shows a rectangular block.
AY = 12cm, AB = 8cm, BC = 6cm.
Calculate:

(a) the length YC

(b) the angle YAZ

C
32.4° 410
A 100 cm D
Z Y
I
| X
N
: 10cm
i
I
]
D ¢
e 10 cm
A 10 cm B
A Y
i
| X
1
P
i e
| 12cm,
] -
| //
e
-
B R—— s
LA Ll 6 cm
A 8cm B

VABCD is a pyramid in which the base ABCD is a square of side
8cm; V is vertically above the centre of the square and
VA=VB=VC=VD = 10cm.

Calculate:

(a) the length AC

(b) the height of V above the base

(¢) the angle VCA.
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Questions 13 to 18 may be answered either by scale drawing or by using
the sine and cosine rules.

13. Two lighthouses A and B are 25km apart and A is due West of B.
A submarine S is on a bearing of 137° from A and on a bearing of
170° from B. Find the distance of S from A and the distance of S

from B.

14. In triangle PQR, PQ = 7cm, PR = 8cm and QR = 9cm. Find
angle QPR. _

15, In triangle XYZ, XY = 8m, X = 57° and Z = 50°. Find the lengths
YZ and X7Z.

16. In triangle ABC, A = 22° and C = 44°.

Find the ratio Eg
AB

17. Given cos ACB = 0-6, AC = 4cm, BC = 5cm and A
CD = 7¢m, find the length of AB and AD,
4cm
B 5cm C 7cm D

18. Find the smallest angle in a triangle whose sides are of length 3x, 4x
and 6x.

Examination exercise 6B
1. p

Not to
scale
G 35° A
213 m

A wire, GP, connects the top of a vertical pole, AP, to the
horizontal ground.

GA = 21-3m and angle PGA = 35°.

Calculate GP, the length of the wire. J972

2. Two vans, 5m apart and each 2m wide, are parked at the side of a
road. The diagram shows the vans from above.

Not to
scale

(a) A man stands on the pavement at M, halfway between A and B.
Calculate his angle of view (x°).
(b) Calculate his angle of view if he stood at the point B. No82
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3. A 1
A=\ T

Calculate the value of angle A. N98 2

4.
Notto
scale
3]
«— 24 m—>»

During a storm, a tree, AB, is blown over and rests on another tree

CB. BAC = 59°, BCD = 80°, AC = 24m and ACD is horizontal.

Calculate the length AB. 1952
3. North

-~
B 14 km c
12 km Not to
250 scale
A

Hussein travels 12km from A to B on a bearing of 025°.

He then travels due East for 14km to C.

(a) Show that angle ABC is 115°.

(b) Calculate:

(i) the distance AC,
(i) the angle BAC,
(iil) the bearing of A from C. J974

6. The diagram represents three straight roads which surround A

a village.

Not to scale

The bearing of A from C is 021°. Angle ACB = 41°,
The lengths of the roads CA and CB are 450m and
600 m respectively.
{(a) Calculate the bearing of
(i) B from C,
(ii) C from A.
{b) Calculate how far A is north of C.
(c)} Calculate the length of the road AB.
(d) The area ABC contains homes for 374 people.
Calculate the average number of people per hectare
in the area. (1 hectare = 10000 m?.)
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D A

On a hillside ABCD a path, AC, is 100m long.
The path makes an angle of 50° with AB. Angle ABC = 90°.
(a) Calculate the length of AB.
(b) The hillside slopes upwards at an angle of 65° and angle
AEB = 90°.
Calculate the height, BE, of the hill.
N972

8. The diagram shows a regular octahedron. Not to
All the edges are 3cm long. scale
(a) For this solid, write down the number of:

(i) faces,

(if) vertices,
(iii) edges.

(b) The octahedron is split into two equal parts. 0
One of the parts is shown in the diagram on the right. ' Not to
Calculate: 3em scale
(i) the length of AC,
(ii) the vertical height OH, A
(iii) the angle between OA and the base ABCD. 3cm
(c) The volume of a pyramid is % base area x height. B 3em C

Calculate the volume of the octahedron. No9§g 4

9. Find x when sin x° = —0-866, cos x° = --0-5 and 0 < x < 360.
Jog2

10. The diagram shows the graphs of y = sinx® and y = cosx*.
¥4

1 : PTG

yd ™, v

=]
_
=]
[
¥

N N /i fi

N
TN e

-1

Find the values of x between 0 and 360 for which
(a) sinx° = cos x°,
(b) sin x° = sin 22.5° (x 5£ 22.5). N032





